Chapter 12

Vector valued functions and

motions in space

12.1 Curves and Tangents

Definition 12.1.1. A curve(or path) can be represented as a function r :

I =Ja,b] > R" n=2,3, called a parameterized curve.

A parameterized curve r in R” can be also written as

r(t) = f(t)i+ g(t)j + h(t)k.

f(t),g(t), h(t) are called component functions.

We define the limit of a vector function as

lim r(t) = L = (lim f(¢), lim g(¢), lim A(t)).

t—to t—to t—to t—to
Definition 12.1.2. It is called differentiable at ¢, if the limit

r(r) = tim TETAD IO iy i) e))

exists at t.

The geometric meaning of derivative of r(t)
When r/(t) # 0, it represents a tangent vector at t.

1

(12.1)

(12.2)
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Figure 12.1: At a cusp, dz—(tt)\tzo =0

Definition 12.1.3. A curve r(t) is said to be smooth if dr/dt is continuous

and never zero. On a smooth curve, there is no sharp corner or cusps.

Derivatives and Motion

Example 12.1.4. The image of C'-curve is not necessarily "smooth”. It may

have sharp edges; (Fig 12.1).

(1) Cycloid: c¢(t) = (t — sint,1 — cost) has cusps when it touches z-axis.

That is, when cost =1 or when t =2mn,n=1,2,3,---.
(2) Consider r(t) = (%, %) Eliminating ¢, we get
(22)* = (3y)*.

We see d’;l—gf) = (t3,1?)|t=0 = 0 and from Figure 12.1 we see it has a cusp
when ¢t = 0.

At all these points, we can check that ¢/(t) = 0.(Roughly speaking, tangent

vector has no direction or does not exist.)

12.2 Arc Length

Definition 12.2.1 (Arc Length). Suppose a curve C' has one-to-one differen-
tiable parametrization r. Then the arc length is defined by

b b b
L(r) = / Iv(t)] dt = / ()] dt = / VIO Y@ + 2 (02t
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a=ty t1  tiit;

Figure 12.2: Riemann sum of the curve length

The sum of the line segment is
k k
> Asi= Z [[e(t:) —r(ti1)l
i=1 j
—E:v/Ax (g + (Az)?
B Ax; Ay; 2 Az; 2
Z (Atl> (Ati> * <Ati> At

As k — oo it converges to

/ Vo) 2 (02 dt. (12.3)

Velocity and speed

Assume the path r(t) = (x(t),y(t), 2(t)) represents the movement of an object.
Then the velocity at ¢ = tg is given as

¥(t0) = fim "I )y (10), 2 10)),

h—0

Example 12.2.2. If an object follow moving along the curve c(t) = ti+t%j +
e’k at time t takes off the curve at t = 2 and travels for 5 seconds. Find the

location.

We assume the object travels along the tangent line after taking off
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the curve. The velocity at t = 2 is ¢/(2) = i + 4j + e?k. Hence the location 5

second after taking off the curve

c(2) +5¢/(2) = 2i +4j + e’k + 5(i + 4j + €*k)
= 7i + 24j + 6€’k.

Hence the location is (7,24, 6¢?).

Arc-Length Parameter

Recall : Given a C''-parametrization of a curve C : [a,b] — R3. Then we have

seen that the arc length of C is given by

b b
L(r) = / I ()] dt = / IOy (02 + @)t

Definition 12.2.3. Now we fix a base point P = P(tp) and let the upper
limit be the variable ¢. Then the arclength becomes a function of ¢, called the

arc-length function :
¢

s(t)= [ Ir'(r)lldr.

to

The arc-length (parameter)function satisfies

We assume r/(t) # 0 so that % is always positive. Then we can solve for s in

terms of t. Hence we can use s as a new parameter.

Example 12.2.4. For the helix r(t) = (acost,asint,bt), we can find a new

parametrization by s as follows:

t t
s(t) :/ ' (7)|| dm :/ Va2 +b2dr = \/a? + b2 t,
0 0

so that
s

Va2 + 5%

s=+vVa2+b2t ort=
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Hence

O P e )

Definition 12.2.5. The unit tangent vector T of the path r is the nor-

malized velocity vector

v )
T=ol = Twor

Example 12.2.6. For the helix r = (acost,asint, bt), we have

T— r'(t)  —asinti+acostj+ bk
[ (@) Va? + 12 '

Example 12.2.7. For the curve r = (¢,2,13), we have
r'(t) =i+ 2tj + 3t°k.

T r'(t) i+2tj+3t2k'
'@l V1+ 42+ 9t%

But arclength is not easy to compute:

t
s(t) = / V' 1+ 42 4 9t dt.
0

Example 12.2.8 (Change of the position r vector w.r.t arclength). Assume
r(s) be a parametrization by arclength parameter. Then by the chain rule and

property of arclength parameter, we have

ds

dt
=1'(s)[l'(¥)]].

r'(t) =1'(s)

Since |[r’(¢)|| # 0, we have

Y(s) = 20 < e, % _ l| _ T> .

4Ol v

Thus r(s) has always unit speed (i.e., '(s) always has a unit length). The two

parametrization (acost,asint) and (a cos 27t, asin27t) have different speeds



6CHAPTER 12. VECTOR VALUED FUNCTIONS AND MOTIONS IN SPACE

along the same circle. For the first one, r'(t) = (—asint,acost). So
t
s(t) = / Va?dr = at.
0

So

(acost,asint) = (acos f, asin f).
a a

While for the second one, r'(t) = (—2am sint, 2am cost). So
t
s(t) = / 2amdT = 2art.
0
Solving t = s/2am. So
. s . s
(acos2nt,asin 27t) = (acos —, asin —).
a a

So the parametrization by the arc length parameter is the same. In fact, it is

independent of any parametrization(Why?)

12.3 Curvature and Normal vectors of a Curve

To measure how the curve bends we need to define the following:

Definition 12.3.1. The curvature of a path r is the rate of change of unit

tangent vector T per unit of length along the path. In other words,
dT dT
dt ||’

dT | _ |dT/dt] _
ds

K(t) = ‘ ds/dt ﬁ H

Circular Orbits

Consider a particle moving along a circle of radius rg. We can represent its
motion as

r(t) = (rocost,rosint).

Since speed is ||t/ (¢)|] = v = r¢. So the motion is described as

v =71/(t) = (—rgsint,rgcost), ||v|] = ro.
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\%

T = — = (—sint,cost)
v
dT ( t,—sint)
— = (—cost,—sin
dt ’
dT
— = 1
H
Hence
1 1 1
KR=—r=—= —.
vl ro radius
AT
T(t + At)
N T
T
19) x
N
Figure 12.3: T turns in the direction of N
Since T(t) is a vector whose length is constant, we have 1 = || T()||?> =

T(t) - T(t). Taking the derivative of constant is zero. Hence

= @[T(t) “T#)] =T(t)-T(t)+ T(t) T'(t) = 2T(t) - T'(¢).

Thus T'(t) is perpendicular to T(¢) for all .

The vector dT/ds turns in the direction along which the curve turns.

Definition 12.3.2. At a point where x # 0, the principal unit normal

vector for a smooth curve in the plane is

14T dT/dt
 kds ||dT/dt||’
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The second equality is verified as follows.

= M use Chain rule
NS Jamyasy e O )
_ (dT/dt)(dt/ds)
|dT/dt|(dt/ds)
dT/dt
|dT/dt|”

The vector Ccll—f point in the direction in which T turns as the curve bends.

circle of curv

Figure 12.4: Circle of Curvature

Circle of Curvature for Plane curves

The circle of curvature or osculating circle at a point P is defined when
k # 0. It is a circle that

(1) has the same tangent line as the curve has
(2) has the same curvature as the curve has
(3) has center in the concave side

The radius of curvature of the curve at P is the radius of the circle of

curvature. (i.e, 1/k)
Example 12.3.3. Find the osculating circle of parabola 3 = 22 at the origin.

We parameterize the parabola by

r(t) = ti + t3j.
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dr i+ 2tj
v = —=1
dt J
v| = V1+4¢t?
T = ﬁ = (14482712 4 26(1 + 442) 7172,
A%
dT
= A+ A2 7325 4 [2(1 4 4?)7V2 — 882 (1 + 44%)73/2)j.

When ¢t =0, N =j and

ko= '%(@':W:z.

[v(0)]

the center of the osculating circle is

Curvature and normal vectors for Space curves

Example 12.3.4. For the helix r(t) = (acost)i+ (asint)j + btk,a,b > 0.

v = —(asint)i+ (acost)j+ bk
lv| = VaZsin?t + a2 cos2 t + b2 = /a2 + b2
1
T — |z_|:W[_(asmt)w(acost)j+bk].
a
Hence
1 |dT
kK = —|—=
lv| | dt
1 1 . s
= TR | VAR [—(acost)i— (asint)j]
- a . NPT a
= m“—costl—smtjﬂ—m-
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Now the normal vector N = j.

dT L (acost)i + (asind)j
dt JET acost)i+ (asint)]j
dT 1 \/ —— : "
—| = ———=Va?cos?t+b?sin’*t = ———
Wl T v N
dT/dt VaZ+2 1
N = _ : .
|dT/dt] a T [(acost)i+ (asint)j]

= —(cost)i— (sint)j.

Hence N is always lying in the zy - plane and pointing toward z axis.

12.4 Tangent and Normal components of a
We define the binormal vector B by
B=TxN.

The three vectors T, N and B form an orthogonal coordinate system
(called TNB frame.

We see

oo i drds s
dt  dsdt dt

L

dt dt dt dt? dt dt

d?s ds (dT ds d?s ds ds
= @it <d_E> “wrta (Na>

d?s ds\?
= WT+K<E> N::aTT+CLNN.

ax = \/llal}? — a3 (12.4)

Torsion
How does dB/ds behaves in relation to T, N, B?

dB _ d(TxN) dT iN N
ds ds _dsXN+TXd8_O+Tde'
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Since dB/ds is orthogonal to T and B, it is a scalar multiple of N. Hence we

have /B
= N
ds T
for some scalar 7. This 7 is called torsion and
dB
- _ 2N
4 ds

(1) kK =|dT/ds| is the rate at which the normal plane turns about the point

P as the point moves along the curve.

(2) 7 = —(dB)/ds)N is the rate at which the osculating plane turns about

T as the point moves along the curve.

Formula for computing the curvature and torsion

d?s ds\?

ds
vxa = <%T>x
ds d?%s ds\?
= (== )(TxT —) (TxN
<dtdt2>( 8 )+“<dt>( xN)

ds 3
= ) B.
“<w>

Hence 3
vxal=x|%| B = kv
Vv = KR |— = KR|V]| .
dt

v xal

P (12.5)
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Chapter 14

Partial Derivative

14.1 Functions of several variables

Definition 14.1.1. Let xg € R™. The open ball (or disk) of radius r with
center xg is the set of all points x such that ||x — xg|| < r. This is denoted by
B, (x0)(Dy(x0)) or B(x0;7). A closed ball is a set of the form ||x — xq|| < 7.

Definition 14.1.2 (Interior, Open sets). Let R C R™. A point x € R" is
called an interior point of R if there is disk about x completely contained

in R. The set of all interior points of R is said to be interior of R.

A set R C R™ is said to be open if every point xy € R is an interior point,
i.e., there exists some r > 0 such that B,.(xg) is contained in R(in symbol,
B,(xp) C R). ) Finally, a neighborhood of a point z € R is an open set

containing x and contained in R.

- )
- ~
Ve RN , o
Ve / \ / q\
/ A| . | | |
Vs \ X Xo /

Figure 14.1: Interior point and boundary point: any neighborhood D¢(xg) of
a boundary point x¢ contains both points of A and points not in A

13
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Graphs, Level Curves and Contours of functions

Definition 14.1.3. The graph of a function is the set
graph(f) = {(x, f(x)) e R"" |x € D CR"}.

Definition 14.1.4. The level set of f: R™ — R is the set of all x where the

function f has constant value:
Se={xeR"| f(x) =c,ce R}

Definition 14.1.5. Let f: R> — R. The section of the graph of f by the

plane z = c is the set of all points (x,y, z), where z = f(c,y), i.e,

{(3373/7 Z) € R® | z = f(cvy)}

Limits

Definition 14.1.6 (Limit using -6 ). Let f: D C R™ — R™. We say the
limit of f at xo € R" is L, if for any € > 0 there exists some positive § such
that for all x € D satisfying 0 < ||x — x| < J, the inequality ||f(x) — L|| < ¢
holds. We write

lim f(x)=L.

X—X0

Example 14.1.7 (Two-path test for nonexistence of a limit). Let f : R2—0 —

R be defined by
22 — 42 : 22— y4)

Study the behavior near the origin.

This function is undefined at 0 = (0,0). We observe

2 .2
f(.Z',O):%:l, f(07y):y—g:_1

Hence limit cannot exists.



14.2. PARTIAL DERIVATIVES 15

14.2 Partial Derivatives

Definition 14.2.1. Let f: U C R™ — R be a real valued function. Then the

partial derivative with respect to i-th variable z; is:

- f(x+he) - f(x) _ Of
}ILILI%) h N 81‘1

(x0)

whenever the limit exists.
Example 14.2.2. Find partial derivatives of g(z,y) = zy/+/x? + y? at (1,1).

First we compute %(1, 1):

yv i +y? —wy(z//2? +1?)
x2 4 y2
_yla? +y?) — a2ty
(22 4 y2)~3/2
= 23/2,

0g B

O

Example 14.2.3. Find partial derivatives at (0,0) of the function defined by

3ax2y—12 .
f(z,y) = x2z-yg ) Tf (z,y) # (0,0)
0, if (z,) = (0,0).

Use definition:

gz 0 = iy h =0
gy (0,0 = lim - =-L

O

Existence of partial derivatives does not guarantee the continu-
ity
Example 14.2.4. Given

0, zy#0
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We can show that
(1) Both partial derivatives at (0,0) are zero.
(2) Find the limit of f along the line y = x.

(3) f is not continuity at (0,0).

Differentiation of a function of several variable

Review: A one variable function y = f(x) is said to be differentiable at a point
a if it satisfies((Figure 14.2))

L S@ = @ = e —a) )

T—a T —a

Alternatively, we have
Ay = f'(z0)Az + €A, (14.2)

where € — 0 as Az — 0.

tangent line

approximation

Figure 14.2: tangent approximation of a function of one variable

Definition 14.2.5. We say f: R? — R is differentiable at (a,b) if 0f/0x
and 0f /0y exists and for (z,y) — (a,b), the limit

fla) = fe) - Fab)e - a) - Fan-b)
(@) — @] -

Alternative : z = f(z,y) is differentiable at (a,b) if 0f/0z and Jf /0y

exists and
_of

A
Z&E

(a,b)Az + g—‘;(a, b)Ay + €1 Ax + ea Ay, (14.3)
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where €¢; and e — 0 as both Ax, Ay — 0. If a function is differentiable at all

points of its domain, we say it is differentiable.

Definition 14.2.6. In general, Suppose f: R® — R. Then we say f differen-
tiable at a if

Tr1 — ajp
fx) = f(a) = [ 2L (), -, 2 (a)]
Ty — Qp
lim =0
x—a ”X — aH
In short,
Egﬂm—fﬁgizﬁw@—a>:& 114

Theorem 14.2.7. Suppose f,, f, are continuous at xog = (xo,y0) € D (an
open region). Then (14.3) holds.

Example 14.2.8. Find the tangent plane of f(x,y) = 22 + y? at (0,0).

We see (0f/0x)(0,0) = (9f/dy)(0,0) = 0 and

P P
Fla) ~ £0.0) ~ 20,0 - 0) - P 0,05 ~0)
lim Yy
(z,y)—(0,0) | (x,y) — (0,0)]
. f(z,y) .
= lim = lim +224+92=0.
)00 [@ 9] @w)=00) Y

Hence it is differentiable at (0,0). The tangent plane is z = 0.

Example 14.2.9. Show the function defined by

flz,y) = 2, if (w,y) # (0,0)
0, if (z,y) = (0,0).

is differentiable at (0,0).
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It is easy to see that f;(0,0) = f,(0,0) = 0 by definition. Now

f($7y)_f(070)_0_0_ li f(l'vy)

lim = im
(2,y)—(0,0) (2, y) — (0,0)] (z,9)—(0,0) ||(z,9)]
. 222y? . zy(z® + y?)
= lim ——=—-< m
(@,9)—=(0,0) (22 4+ y2)3/2 = (2,9)=(0,0) (22 + y2)3/2
- lim -
(@)~ (0,0) (22 + y?)1/2
2 + y2

< li _ =
- (w,y)1—>rn(0,0) 2(1’2 + y2)1/2

Differentiability of vector valued function

Definition 14.2.10. A function f = (f1,..., fn): R" — R™ is said to be

differentiable at a point a if all the partial derivatives of f exists at a,

1o IE6x) — (a) — DE(a) (x — )]

x—a % — al

=0.

If m =1, then

_[or of
D=5 g

Example 14.2.11. Find the derivative of Df(z,y).
(1) £z, y) = (zy,z +y)
(2) f(z,y) = (", 2% + y*, ze)

(1) fr ==y, f2 =z +y. Hence

Df(x) = E 91”] .

Example 14.2.12. Show f(z,y) = (zy,x + y) is differentiable at (0, 0).

From example 14.2.11,

pro0) - [}
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ﬂ@m—fmﬁy—Dﬂleq
lim Y

(2.4)—(0,0) [[(z,y) — (0,0)]
_ oy Meyzty) - (0.2 +y)|
(z.4)—(0.,0) [(z,y)ll
= lim 7’1@‘ =0

(z,9)=(0,0) \/22 + y?

Relation with continuity

19

Theorem 14.2.13. If f = (f1,..., fn): R" — R™ has all partial derivatives

0fi/0x; exist and continuous in a neighborhood of x, then f is differentiable

at X.

Example 14.2.14. Given

Y (z,y) £ (0,0)

= |
0 (z,y) = (0,0)
Show that
(1) The partial derivatives at (0,0) exist.
(2) f is not differentiable at (0, 0).
(1) From definition, we have

ox (z,)—(0,0) x
and 0 0 0,0
oy (z,)—(0,0) Yy

(2) Thus we have D f(0,0). We consider the following limit:

lim = lim —5 -
(z.4)—(0,0) [(z, )] (@.y)—(0,0) 22 +y

Since lim(, ) (0,0) 7Y/ (22 +1%2) does not exists, f is not differentiable at (0,0).



20 CHAPTER 14. PARTIAL DERIVATIVE

O

14.3 Chain rule

Chain rule in several variables

Theorem 14.3.1 (Chain rule-simple). Suppose x(t) = (z(t),y(t)): R — R?
differentiable at to and f: X C R? — R differentiable at xo = x(to) then
the composite function h(t) = (fox)(t): R — R (h(t) = f(z(t),y(t))) is
differentiable at ty and its derivative dh/dt(ty) is

) = L x0) 00 + 5L ) 2 1)

Proof. We have

h(t) — h(to) _ fz(),y(t) — f(z(t), y(to))

t—to t—to
_ f®),y(@) — f(2(t), y(@)) + f(z(to), y(t) — f(x(to), y(to))
t—to '
Let t approach ty. Then we obtain the result. O

One can use a simpler notation: Let Py = (zo,y0) = (z(to),y(to)). Then
Ah = fu(wo,y0) Az + fy(z0,y0) Ay + e1Az + e2Ay

As Az, Ay — 0, we see

Ah Ax Ay

At _f:c fy + 1E+62 f:c +fy (14'5)

Example 14.3.2. Verify the chain rule for f(z,y) = ¢® and x(t) = (¢2,2t).

Sol. Since h(t) = fox(t) = f(z(t),y(t)) = €*’, we have dh/dt = 6122’
On the other hand, by chain rule, we have

dn =ye™ . 2t + xe™ - 2 = 622",
dt
Example 14.3.3. Let f : U C R™ — R™ be given by f = (f1,---, fin) and

g(x) = sin[f(x) - f(x)]. Compute Dg(x).
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First note that
Dyg(x) = cos[f(x) - f(x)|D[f(x) - f(x)].

We compute D[f(x) - f(x)] which is

Dh = 2/ 80+ 2fm B, 21180 ot 2f G
= 2f(x) - Df(x),

where Df(x) is the derivative of f. Finally, we see Dg(x) = 2cos[f(x) -
f(x)|f(x) - Df(x).

Example 14.3.4 (Polar/Rectangular coordinates conversions). Recall

x =rcosf

y =rsin.
Suppose w = f(z,y) is given. We would like view it as a function of (r,0), i.e,

w = 9(7‘,9) = f(:n(r,@),y(?“,@))

and compute %, %.

0. 0. 1
{@ @} _ [ﬂ ﬂ] e & _ [ﬂ ﬂ] cosf —rsinf .
ar 90 9z 9y] |0y Oy 9z 9| lsinh rcosf

Entrywise, we see

ow . ow
S =cosfHFY +sin OS¢
or ox oy (146)
%—lg :—rsinﬁg—’;’+rcosﬁ%—1;.
If we extract the derivative symbol only, we get a differential operator:
o] o) . o]
= =cosf- + sinf5-
or ox oy (147)
% :—rsinﬁa%—l—rcosﬁa%.
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Similarly, we can show

_ o) sinf O
= COS@W -5

(14.8)

Fo Fo

o a0 cosf O
_Sln98r+ r 00°

Implicit function theorem

Theorem 14.3.5 (Implicit function theorem). Let F' : X C R" — R be
class C' and let a be a point of the level set S = {x € R*|F(x) = c}. If
F, (a) # 0, then there is a neighborhood U of (ay,az,--- ,an_1) in R" ™ and
a neighborhood V' of a,, in R, and a function f : U C R* ' = V of class C*

such that x, = f(x1,22,  + ,Tn_1).

Example 14.3.6. Consider ellipsoid x2/4 + 4?/36 + 22/9 = 1. Tt is the level

set of the function ) ) )
T Yy z

F S S

@y2)=T++y

At (v/2,v/6,V/3), we can check %—5 =% 0. Hence z can be solved as function of

x and y.

Example 14.3.7. Let F(z,y,z) = 2222 — y and S be the level set of height

0. For points where F, = 2z? # 0 one can solve for other variables.

14.4 Directional derivatives and Gradient

Definition 14.4.1. Let u € R"” be a unit vector and a € X C R", the
directional derivative of f: X — R at a along u is D, f(a) defined by

d
Ef(a + tu) o’

Theorem 14.4.2. If f(x): X C R?® — R is differentiable and a € X, then

the directional derivative of f at a along u exists and is given by
Dyf(a) = gradf(a)-u=Vf(a)- u

Example 14.4.3. Compute the rate of change of f(z,y,2) = xy — 22 at
(1,0,1) along (1,1,1).
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slope of this tangent line
is directional derivative

fla+tu)

Figure 14.3: Directional Derivative

The unit vector to (1,1,1) is u = (1/v/3)(1,1,1). The gradient of f at
(1,0,1) is

vf(1707 1) = (fwyfy,f2)|(1,0,1) = (y7$7 _2Z)|(1,0,1)
1 1 1 1

=012 (7 72 75) =7

Direction of steepest ascent(descent)

Gradient is normal to the level set

Consider the level set(surface) of f(x,y,2):
S={(z,y,2) €R’| f(z,y,2) = k}.

Suppose a curve c passes the point xg = (g, Yo, 20) lies on the surface S. Then
f(c(t)) = k holds. Then we have by chain rule

d ,
0 = ZH(e(t) = Vf(e(t) - /(1)

Theorem 14.4.4. Suppose f(x,y,z) is differentiable and V f(x¢) # 0. Then
V f(xo) is normal to the level surface S = {(x,y,2) € R® | f(z,y,2) = k}.
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14.5 Tangent Plane and differentials

Let us consider the function z = f(z,y).

The direction vector of the tangent line to the y section is (1,0, fz(a,b)).
Similarly, the direction vector of the tangent line to the x- section is v :=
(0,1, fy(a,b)). Hence the tangent plane is determined by he normal vector

N = u x v. By computation, we see
ux v =—fz(a,b)i— fy(a,b)j+k.

If (x,y, z) is any point on the plane, then we see (x —a,y —b,z— f(a,b)) L N.

Hence

z= f(a,b) + %(a, b)(z —a) + g—g(a, b)(y — b).

z=g(z)

slope = %(a, b)
z 2= f(z,y) ﬁ_
% z=h(y)

~_ _ af
slope By (a,b)

T

(a,b)

Figure 14.4: Geometric meaning of partial derivative

Definition 14.5.1. The tangent plane plane to the surface S = {(z,y, 2) €
Rg | f(ﬂ:,y, Z) = k} at xog = (:EO,yO,ZO) is given by

Vf(xo0) - (x —x0) =0, or

oo = a0) + L) — o) + L (xa) = 20) =0

Compare this with the definition earlier for the graph of z = f(z,y):

z— 20 = f(z0,%0) + fz(x0,y0)(® — 20) + fy(w0,y0)(y — yo)-
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Example 14.5.2. Find the equation of the tangent plane to 3zy + 2% = 4 at
(L,1,1).

The gradient —Vf = (3y,3z,22) at (1,1,1) is (3,3,2). Thus the
tangent plane is
(3,3,2) - (z—1,y—1,2—1) =0.

Linearization of a function

Suppose f is differentiable near a point (a,b). Then z = f(x,y) satisfies
fz,y) — f(a,b) = fz(a,b)Ax + fy(a,b)Ay + e1Ax + e2Ay,
where €1 and e; — 0 as both Az, Ay — 0.

Differential in several variable

Definition 14.5.3. The total differential of f, denoted by df is

df = g—i(x)dwl +- %(x)dzn.

The significance of differential is that for small Ax
df ~ Af.
Here Ax = (dzy,--- ,dz,) denote small change in the variables and it is also

written as Ax = (Axy, -+, Axy).

Example 14.5.4. Find the differential of f(z,y,2) = e*¥sin(yz).

_ 9f of of

= "Msin(yz) do + €M (sin(yz) + 2 cos(yz)) dy + "y cos(yz) dz.

14.6 Extrema of real valued functions

Local Max, Min

Definition 14.6.1. Let f(z,y) be defined in a region R C R™ containing
a = (a,b). We say
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e f(a,b) is a local maximum if there is a neighborhood U of a such that
f(a) > f(x) for all x € U.

e local minimum if there is a neighborhood U of a such that f(a) < f(x)
for all x € U.

Theorem 14.6.2 (First derivative test for local extrema). If f: RCR" - R
is differentiable at a € R™ and assumes an extreme value there, then D f(a) =
0.

Proof. Suppose f has local maximum at a. Then for any h € R"”, the function

g(t) = f(a+ th) has a local maximum. Hence
g(0) =Dnf(a)=Vf(a)-h=0
Sine this holds for every h, Vf(a) = 0. O

Definition 14.6.3. A point a € R"” is called a critical point if f is not
differentiable or Vf(a) =0 = (0,...,0).

A critical point a is called a saddle point if for every disk centered at a,
there is a point x where f(x) > f(a) and a point x where f(x) < f(a).

Example 14.6.4. Find critical points of z = 2y + y?z and investigate their

behavior.
From

zx:2xy+y2:O, zy:2wy+x2:O,

we obtain x? = y2. For x = y, we get 2% + 4% = 0 and (z,y) = (0,0). For
x = —y, we again get © =y = 0. Now for z =y, z = 223. Not a extreme. So
a saddle.

Example 14.6.5. Find the extrema of z = 2(22 + y2)e =" V",

sol.

Zg [dx + 2(—2;p)(;p2 + yz)]e—($2+y2) = dz(1 — 2 _ yz)e_(mz_i_yz)

zy = dy(l—2*— yz)e_(mzﬂﬂ).
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Solving these, we obtain & = y = 0 or 22 +y? = 1. We can see (0,0) is a
point of local minimum, and the points on the crater’s rim are points of local

maximum. (Use t = 22 + 42 so that z = te~* has a local maximum at ¢ = 1.
Y

O

Derivative test for local extreme values

More generally we have second derivative test:

Theorem 14.6.6 (Second derivative test). Suppose f is C? on an open subset
U of R? and f.(x0,y0) = fy(z0,90) = 0 holds, i.e., (w0, o) is a critical point.)
Let D = fue(20,40) fyy (0, 40) — (fay(0,40))?. Then the following holds:

(1) f has a local max. if frz(x0,y0) <0 and fozfyy — fgy >0
(2) f has a local min. if frx(20,90) > 0 and frefyy — gy >0
(3) f has a saddle point if frpfyy — ﬁy <0

Here D = fu0(20,90) fyy (70, Y0) — (fry (0, y0))? is called the discriminant.

Example 14.6.7. Find the extrema of f = 2% + zy + y> + 22 — 2y + 5.

sol.
First we find the critical point by setting D f(x,y) = 0.

fa
Jy

20 +y+2=0
r+2y—2=0.

Thus (—2,2) is the only critical point. To determine whether this point is a

max or min(or neither), we do as follows:
foe =2, fyy=2, foy=1, D=2-2-12>0.

Hence it is a local minimum.

Example 14.6.8. Classify the critical points of the following functions.
(1) g(z,y) = 3a% + 6wy + 9y

(2) g(z,y) = —22% + zy — y?
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(3) g(z,y) = 2* — wy + 2¢?

All the critical points are (0,0). For (1), we have g, = 6z + 6y,
Jow = Y, Gy = 62 + 18y, gyy = 18,94y = 6. Hence D = 6-18 — 6% = 72 > 0.
Hence (0,0) is a local min of g.

For (2), we have we have g, = —4x 4+ ¥y, goe = —4,9y = T — 2y, Gyy =
—2,9zy = 1. Hence D = (=2)(—4) =1 =7> 0 and g,, = —4 < 0, we see g
has local maximum at (0, 0).

For (3), 9o = 20 — Y, oz = 2,9y = —T + 4y, gyy = 4,0sy = —1. D =
2-4+1=9> 0 and hence g has local minimum at (0, 0).

O

Example 14.6.9. The graph of g = 1/zy is a surface S. Find the point on S
closest to (0,0).

Each point on the surface is (z,y,1/xy). Hence

1
2 _ .2 2
We find the point which minimize f(z,y) = d?(z,y) rather than d itself.
Solving

2 2
fz = 2x_x3—y2207 fyzzy_xg—ygzoa
we obtain xz%y? = 1 and x?y* = 1. From the first eq. we get y> = 1/2%.
Substitute into second equation, we get 2% = 1. So 2 = £1 and y = =+1.
Considering the geometry, one can easily see that all these four points give

minimum (d = v/3).(As z or y approaches oo, f — c0). So f has no max.

Absolute(global) maxima and Minima

Definition 14.6.10. Suppose f : D C R™ — R is real valued function. A
point xg € D is a point of absolute maximum if f(xg) > f(x) forall x € D.

Similarly, it is a point of absolute minimum if f(xg) < f(x) for all x € D.
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Strategy of finding absolute(global) maxima and Minima

(1) Find all critical points
(2) Compute values at critical points
(3) Find max or min on the boundary U (by parametrization)

(4) Compare all values obtained in (2) and (3).

Example 14.6.11. Find the maximum and the minimum of f(z,y) = 22 +
v —2z—y+1in D= {(z,y) e R? | 22 +¢% < 1}.

First we compute the critical points of f. Since
f=2x—-1=0, f,=2y—1=0,

the point (1/2,1/2) is the only critical point. Since fr, =2, foy =0, fyy = 2,
faafyy — f:?y =4 >0, fro, = 2 > 0, the point (1/2,1/2) is gives a local
minimum by second derivative test. Now check the boundary D: 2 +y? = 1.

Use parametrization x = cost, y =sint, 0 <t < 2.
g(t) = cos®t +sin®t — cost —sint + 1 = 2 — cost — sint.

Set ¢'(t) = sint — cost = 0 to get t = 7/4,5m /4 are critical points. We have

to check the end points ¢ = 0, 27 also. Hence the values are
9(0) =1, g(x/4) =2-V2.

g(5m/4) =2+ V2, g(2m) = 1.

Comparing, we see maximum is at ¢t = 57/4, and min at 7/4 on the boundary.
Finally compare with f(1/2,1/2) = 1/2. The absolute maximum is 2 + v/2

and absolute minimum is 1/2.

O

14.7 Constrained Extrema and Lagrange multiplier

Theorem 14.7.1. Assume f: R" = R and g: R® — R are of C' class. And
the restriction of f to the level set S = {x € R" | g(x) = ¢} (written as f|s)
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has a (local) mazimum or minimum at xg € S with Vg(x¢) # 0. Then there

is a scalar A (Lagrange multiplier) such that
V f(x0) = AVg(x0).

Example 14.7.2. Let

Az, y,2) = 2(xy+yz)+ 2z,
9(r,y,2) = wyz—4.

By the Lagrange multiplier method, we have
VA=AVg= 2y+ 2,2z + 22,2y + x) = Myz, zx, zy).

This gives three equations in four unknowns, x,y,z and A. Appending the

constraint equation, we have four by four system:

20+ 2z = Ayz

2042z = Az

20+ = Ary
ryz = 4.

Since A is not essential, we usually eliminate A using any of the three equations.

Thus we get
2yt z 2x+42z 2y+x

A

Yz T xy

From these we get

Hence

=2y, z=24

Substituting into last eq. (2y)y(2y) = 4. Hence y = 1,2 = 2z = 2.

Now a general minimization problem with a constraint is :

Find the minimum of  f(z,y, 2)

subject to g(x,y,2) =c.
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To solve it we solve system of equations with n + 1 variables

Vf(x) = AVyg(x) (14.9)
g(x) =c. (14.10)

Example 14.7.3. Find max of f(z,y) = 22 —y?> on S : 22 + 3% = 1. (See

figure) where the two level curves touch.

Since g(z,y) = 22 + 4% = 1 and Vf = (22, —-2y), Vg = (2z,2y), the

equation becomes

fo(m,y) = Age(z,y) <= 22 = \2x,
fy(z,y) = Agy(z,y) <= —2y = X2y,
gz, y) =1 <= 2>+ > =1.

From the first equation we get © = 0 or A = 1. If x = 0, we see from third
equation y = £1. If A =1 then y = 0 and x = £1. Now

f(07 1) = f(07 _1) = -1,
F(1,0) = F(-1,0) = 1.

Hence the max is 1 and the min is —1.

Figure 14.5: Level sets of g meets with the level set of f.

Example 14.7.4. Find max of f(z,y,2) = x + z subject to 2 +y> + 22 = 1.

Let g(z,y,2) = 22 + y? + 22. By the Lagrange multiplier method, we
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have Vf = AVg. Thus,

1=2x\,
0 =2y,
1 =2z,

1:x2+y2+z2.

From the first and third equation we see that A # 0 and z = z. Hence

from the second equation y = 0. Eliminating A = % = %, we get * = 2.

From fourth equation we obtain z = z = +1/4/2. Hence (1/v/2,0,1/v/2) and

O

Example 14.7.5. Find extreme points of f = 2 +y+ 2 subject to 22 +y? = 2
and z + 2z = 1.

Constraints are g; = 22 +y?> —2=0and go =2 + 2z — 1 = 0. Thus
Vf=MVg+ Vg
Since

p=a"+y" -2
g =z+z—1,

we obtain

= M2+ X1
= AM-2y+X-0
A0+ X1
)

[ R e B O
Il

= r+4+z—1.

From third equation we obtain Ao =1 and so A\;-2x = 0 and A; -2y = 1. From
second, we see \; # 0, hence x = 0. Thus y = +v/2 and z = 1. Hence possible
extrema are (0,++/2,1). We can easily check the point (0,/2,1) gives the
maximum value v/2 + 1, and the point (0, —v/2,1) gives minimum —+/2 + 1.
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14.8 Taylor theorem for two or more variables

14.8.1 Taylor theorem for 2 variables - second order formula

Define a new function F(t) = f(a+th). According to Taylor’s theorem in one

variable, we have for some c,

F(t) = F(0) + F'(0)t + 1' F"(e)t%

2!
By chain rule we see that

PO = £+ % < b+ iy = (e ) 1h)

Repeating this process, we see

" . 0 19} 2 (m) B ol O\™
F(t)—<h%+ka—y> flatth),--- F ()—(h%Jrkay) f(a+th).

Expanding in F(t), we see

F(t) = FO) + @) 2 4 fy(a >j§j L fae 4 20 fy 4 KA.

= f(a) + hfo(a) + kfy(a) + 5 U 2hk fuy + K fyy)|.

Theorem 14.8.1. (1) The remainder is given by Ri(x,a) =3, _, %fxi,xj(c)hihj
and Ra(x,a) = 3 1 %fmi’mj,wk(c)hihjhk.

Derivation of second derivative test

(with h = x —a, k = y—b) For small value c, it suffices to check(by continuity)
the sign of

Q(0) = h% fru(a,b) + 2Rk fry(a,b) + k2 £,y (a, b).

(1) f has a local max. if fy,(a,b) <0 and fizfyy — gy >0
(2) f has alocal min. if fy,(a,b) >0 and feufyy — f2, >0
(3) f has a saddle point if fi; fyy — fgy <0.
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Example 14.8.2. Find 2nd order Taylor approximation of f(z,y) = e*1¥

near a = (0,0).

£2(0,0) = £,(0,0) = €’ =1,
frz(0,0) = f1(0,0) = £,,,(0,0) = €® = 1.

1
fl@y) =14z +y+ 5@+ 2y +7) + Rs.

As (2,y) = (0,0), Ro/||(z,y)[I* — 0.

Error formula for Taylor expansion

F9) = F(@b) + fala,b) & kfyfa,6) + 3 (B Fuw + 20k oy + B ),

Hence the error of linear approximation can be estimated as

M
[Ri| < |Eq| = 7(h+k‘)2, M = max{| fuzl, [ fuyls | Fyyl}-
M
‘R2’ S ‘E2‘ = E(h"’_k)sv M = max{‘f:{:xx‘? ’fxxyh ’fxyyh ’fyyy’}-

14.9 Partial derivatives with constrained variables

Example 14.9.1. Find g—;’ at (2,—1,1) when w = 22 +y? + 22 and 23 — 2y +

yz 4+ y3 = 1 assuming z,y are independent variables.



Chapter 15

Double integral

15.1 Double integral over a rectangle
Assume R = {(x,y): a <z < b,c < y < d} is subdivided into
a=xg<x1 < - <xTp=b, c=yy<y1 < <y,=d.
We call the {R;; = [zi—1,2;] X [yj—1,y;]} a partition of R and let
Ax; =x; —xi—1, Ay;=y; —yj-1.

Definition 15.1.1. Given any function f defined on R, and for any point c;;

in R;; consider the Riemann sum

S=R(f)=Y_ flei)AziAy;, (15.1)

ij=1

(a,d) (b,d)

A- Ay,

X

(a;c) (b.c)

Figure 15.1: A partition of a rectangle

35
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Definition 15.1.2 (Double integral). If the sum S converge to the same limit,

then f is called integrable over R and we write its limit by

n

//Rf(:n,y) aA= T 3 fley)Ay,

1,7=1

Reduction to iterated integrals

Consider the volume of a solid under f over R = [a, b] x[c, d]. The cross section
along = = ¢ is the set given by {(z¢,y,2)|0 < z < f(z0,y), (c <y < d)}.

The area of cross section is
d
Alao) = [ Flan,)dy.
4
Hence by Cavalieri principle, the volume is

/abA(:n)dx:/ab [/cdf(x,y)dy] da.

The expression on the right hand side is called an iterated integral. We

change the role of z and y to see

/ab [/Cdf(:n,y)dy} d:c:/cd |:/abf($,y)dgj} dy.

Figure 15.2: Fubini’s theorem by Cavalieri Principle
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Example 15.1.3. Evaluate

// coszsinydzdy, S =0, z] x [0, z].
. 2 2

w/2 w/2
// cosxsinydrdy = / [/ cos:nsinyd:n] dy
s 0 0
w/2 w/2 w/2
= / siny [/ cos:nd:n] dy:/ sinydy = 1.
0 0 0

O

Theorem 15.1.4 (Fubini Theorem 1). Let f be continuous on R = [a,b] x
[c,d]. Then f satisfies

/ab [/Cdf(w,y) dy} do — /cd [/abf(w,y) dx} dy = //R f(z,y)dA. (15.2)

Example 15.1.5. Find the volume of the region 0 < z < 1, 0 <y < 1,
0<2z<2—2—y.

First fix . Then the area of cross section with a plane perpendicular

to z-axis is

So the volume is

Example 15.1.6. Compute [[,(z? + y)dA, where A =[0,1] x [0,1].
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) Lo Lot 14 5
// (x"+y)dA :/ / (x*+y)dzdy :/ [/ (x*+y)dzx]dy :/ (z+y)dy = .
R o Jo o Jo 0o 3 6
O
15.2 Double integral over general regions
Now we define the integral of more general functions.
AN
.
[
A A
Figure 15.3: Partitioning of nonrectangular region
We only count the sub-rectangles contained in the region:
S=R(f) =) fley)AAy. (15.3)

If this limit exists as ||P|| — 0 we define it as a double integral.

Definition 15.2.1. Elementary regions

Yy Yy
y = ¢2(x) d
z = 2(y)
Y
z =P1(y)
y=¢1(x)
c
x T
a x b
(a) region of type 1 (b) region of type 2

Figure 15.4: region of type 1, region of type 2
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There are three kind of elementary regions: Let y = ¢1(x), y = ¢2(z) be
two continuous functions satisfying ¢1(x) < ¢o(z) for x € [a,b]. Then the
region

D={(z,y)|a<z<b ¢i(z) <y < da()}

is called region of type 1.

Now change the role of x, y as in figure 15.4 (b). If x = ¥1(y), © = ¥2(y),
satisfies 11 (y) < ¢2(y) for y € [c,d], then the region determined by

D={(z,y) | c<y <d, $1(y) < < a(y)}

is called region of type 2. The region that is both Type 1 and Type 2 is

called region of type 3. These are called elementary regions.

Figure 15.5: Region of type 3

Integrals over elementary regions

Theorem 15.2.2 (Fubini’s Theorem (Stronger form)). Let f be a continuous

on an elementary region D C R.

(1) If D is a domain of type 1, i.e, D = {(z,y) : $1(z) <y < da(z), a <

x < b} for some continuous functions ¢1, ¢2, then f is integrable on D

/[ t@waa= [ b [ /¢ T:)f(:v,y)dy] dr.

(2) Similarly if D is a domain of type 2, i.e, D = {(z,y) : ¥1(y) < x <

and
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o (y), ¢ <y <d} for some continuous functions 11,1, then

J[ s | ' [ /¢ T:j)f(w,y)dx] ay.

Example 15.2.3. Find the following integral when D: 0 <z <1,z <y <1

//D(ac + %) dzdy.

Figure 15.6: Region 0 <2 <1,z <y <1

Use Fubini’s theorem

1,1 1 %
/ (z +y?) dydx = / [azy + —} dx
0 Jz 0 3 T

O

Example 15.2.4. Find [[, 2%y dA where D is given by 0 < z, 32? <y <
4 — 2. (Figure 15.7)

Two curves y = 322 and y = 4 — 2% meet at the point (1,3). Hence

the integral becomes

1 pd—z2 1 2,2
/ / x2ydyda: :/ <_a: y )
0 Jaa2 0 2 )| mse2

_ /01 <%2((4_$2)2 _ (3m2)2)> da
136

1
:—/ 2316 — 82% 4+ 2% — 92 ) dx = —
0

4—a2
dx

105
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In2

Figure 15.7: Domain of integration of example 15.2.4 and 15.2.6

Example 15.2.5. Find volume of tetrahedron bounded by the planes y =
O,x=0y—z+z2z=1.

We let z = f(z,y) = 1 — y + x. Then the volume of tetrahedra is the

volume under the graph of f. Hence

(1-y+x)dA = ’ 1er(l —y+ z)dydz
D -1Jo
0

29 1+
Y 1
/_1 [( + )y 2] dx G

y=0

O

Example 15.2.6. Let D be given by D = {(z,y)|0 <z <In2, 0<y<
e — 1}. Express the double integral

//Df(fc,y)d/l

in two iterated integrals.

See figure 15.7. To view it as a region of type 1, the points of intersection
isy=0,y=¢€"—1(0 <z <In2). Hence

In2 e?—1
/ / f(z,y) dydz.
0 0

As a y-simple region, the points of intersection is x = In(y + 1), z =
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In2(0 <y <1). So the integral is

In2
/ / f(x,y) dzdy.
In(y+1)

15.3 Change order of integration

Suppose D is of type 3. Then it is given by two ways:

p1(z) <y < oo(x), a<xz<b

and
Pi(y) <x <a(y), c<y < d.

Thus by Theorem 15.2.2

b ro2(x) da(y
// f(w,y)dAz/ / f(x,y)dydwz/ / f(z,y) dxdy.
D a 1(z) ¥1(y)

Example 15.3.1. Compute by change of order of integration

a?—x2)1/2
/ / (a —y)1/2dyd:n

2_42)1/2

o [latme 2 9\1/2 a*=y) 2\1/2
/0/0 (a” —y7) /" dydr = / —y7) /" dady

I,

= / [z(a® — y )1/2](a —y )1/2(a2 — )12 ay
0
J

Example 15.3.2. Find

/ / Smydydw.
0 T Yy
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Figure 15.8: Change order of integration

We change the order of integration

[ T Y o
/ / sin y dydz :/ / sin y dudy
0o Jz Y o Jo Y
:/7r [Sinyxr:ydy
0 Y =0

:/ siny dy = [—cosylj = 2.
0

Example 15.3.3. Find

2 4
/ / y cos(z?) dx dy.
0 Jy2?

sol.] It is very difficult to find f;z cos(x?) dx. However, if we change the
order of integration to have (Figure 15.8)

2 4 4 vz
//COS($2)d3:dy:// y cos(z?) dy dx
0 Jy2 0o Jo
442 v
:/ Zcos(x?)| dx
0o 2 0
4
:/ E(:os(acz)dgn
0o 2

1 [16 1
:1/ cosuduzzsinlbﬂ
0




